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Flat connections, Higgs operators, and Einstein metrics 
on compact Hermitian manifolds 
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Abstract. A flat complex vector bundle {E, D) on a compact Riemannian 
manifold (AT, g) is stable (resp. polystable) in the sense of Corlette [C] if it 
has no Z?-invariant subbundle (resp. if it is the D-invariant direct sum of 
stable subbundles). It has been shown in [C] that the polystability of {E, D) 
in this sense is equivalent to the existence of a so-called harmonic metric 
in E. In this paper we consider flat complex vector bundles on compact 
Hermitian manifolds {X,g). We propose new notions of (7-(poly-)stability of 
such bundles, and of g-Einstein metrics in them; these notions coincide with 
(poly-)stability and harmonicity in the sense of Corlette if g is a Kahler met- 
ric, but are different in general. Our main result is that the g-polystability 
in our sense is equivalent to the existence of a gi-Hermitian-Einstein metric. 
Our notion of a g-Einstein metric in a flat bundle is motivated by a corre- 
spondence between flat bundles and Higgs bundles over compact surfaces, 
analogous to the correspondence in the case of Kahler manifolds [SI], [S2], 
[S3]. 
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1 Introduction. 

Let X be an rt-dimensional compact complex manifold. If X admits a Kahler metric 
g, then it is known by work of in particular Simpson [S1],[S2],[S3] that there exists an 
canonical identification of the moduli space of polystable (or semisimple) flat bundles 
on X with the moduli space of g-polystable Higgs-bundles with vanishing Chern 
classes on X. This identification has been used in showing that certain groups are 
not fundamental groups of compact Kahler manifolds. The construction uses the 
existence of canonical metrics, called g-harmonic in the case of flat bundles, and 
g-Einstein in the case of Higgs bundles. 

For flat bundles, the equivalence of semisimplicity and the existence of a g- 
harmonic metric holds on compact Riemannian manifolds [C]. Furthermore, the equiv- 
alence of (7-polystability and the existence of a g-Einstein metrics for Higgs bundles 
should generalize to the case of Hermitian manifolds as in the case of holomorphic 
vector bundles, using Gauduchon metrics. Nevertheless, an identification as above 
cannot be expected for general compact Hermitian manifolds, since it should im- 
ply restrictions on the fundamental group, but every finitely presented group is the 
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fundamental group of a 3-diniensional compact complex manifold by a theorem of 
Taubes [T]. 

In the case of compact complex surfaces , however, things are different. We show 
that for an integrablc Higgs bundle {E, d") with vanishing real Chern numbers and of 
g-degree with 5-Einstein metric h on a, compact complex surface X with Hermitian 
metric g, there is an canonically associated flat connection D in E, again of g'-degree 
0, such that h is what we call a q- Einstcin metric for {E, D), and that the converse is 
also true. Furthermore, this correspondence preserves isomorphism types and hence 
descends to a bijection between moduli spaces. 

The notion of a g-Einstein metric in a flat bundle makes sense in higher dimension, 
too, is equivalent to g-harmonicity in the case of a Kahler metric, but different in 
general, and we show that the existence of such a metric in a flat bundle {E, D) is 
equivalent to the g-polystability of this bundle in the sense that E is the direct sum 
of iJ-invariant g-stable flat subbundles. Here we call a flat bundle {E,D) g-stable 
if every D-invariant subbundle has q- slope larger(!) than the g-slope of {E,D). g- 
stability of a flat bundle is equivalent to its stability (in the sense of Corlctte) in the 
Kahler case, but a weaker condition in general: A stable bundle is always 5-stable, 
but the tangent bundles of certain Inoue surfaces are examples of g-stable bundles 
which are not stable. 

We expect that for a non-Kahler surface with Hermitian metric g, there is a nat- 
ural bijection between the moduli space of g'-polystable Higgs bundles, with vanishing 
Chern numbers and g-degree, and the moduli space of (7-polystable flat bundles with 
vanishing (7-degree. In the last section we consider the special case of line bundles on 
surfaces. Here the stability is trivial, and the existence of Einstein metrics is easy to 
show, so we get indeed the expected natural bijection between moduli spaces of line 
bundles of degree 0. We further show how this can be extended (in a non-natural 
way) to the moduli spaces of line bundles of arbitrary degree; this extension argument 
works in fact for bundles of arbitrary rank once the correspondence for degree has 
been established. 

Acknowledgments. The author wishes to thank A. Teleman for the suggestion 
to study the relation between flat connections and Higgs operators on Hermitian 
manifolds, and for several useful hints. Discussions with him and Ch. Okonek have 
been of considerable help in preparing this paper. 

The author was supported in part by EC-HCM project AGE "Algebraic Geometry in 
Europe" , contract no. ERBCHRXCT 940557. 

2 Preliminaries. 

Let X be a compact n-dimensional complex manifold, and E — > X a differentiable 
C-vector bundle on X. We flx the following 
Notations: 

A^{X) (resp. AP''^{X)) is the space of differentiable p-forms (forms of type (p, q)) on 
X. 

AP{E), AP''^{E) are the spaces of differential forms with values in E. 

A{E) is the space of linear connections D in E. For a connection D G A{E) we 

write D = D' + D" , where D' is of type (1,0) and D" of type (0,1). 
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A{E, h) C A{E) is the subspacc of /i-unitary connections d in where ft, is a Hermi- 
tian metric in E. We write d = d + d , where d is of type (1,0) and d of type (0,1). 
Af{E) := { D e A{E) I = } is the subset of flat connections. 
A{E) is the space of semiconnections B of type (0,1) in E (i.e. B is the (0,l)-part of 
some D € A{E) ). 

HiE) := { B G A{E) I 9^ = } is the subset of integrable semiconnections or 

holomorphic structures in E. 

A"{E) := A{E) © A^'°(EndE) = {d" = B + e\ Be A{E) , G A^'°{EndE) } is the 
space of Higgs operators in E. 

n"{E) := { d" e A"{E) I (d")2 = } is the subset of integrable Higgs operators. 
Often the same symbol is used for a connection, semiconnection, Higgs operator etc. 
in E and the induced operator in EndE'. 

Two connections Di,D2 G A{E) arc isomorphic . Di ^ D2 , if there exists a dif- 
ferentiable automorphism f of E such that f o Dx = D2 o f , which is equivalent 
to D{f) = , where D is the connection in EndE induced by Di and D2, i.e. 
D{f) ^ D2 o f — f o Di .In the same way the isomorphy of semiconnections resp. 
Higgs operators is defined. 

If a Hermitian metric h'm E is given, then a superscript * means adjoint with respect 
to h. 

For D = D' + D" there are unique semiconnections of type (1,0), (0,1) 

respectively such that D' + S'j^ and 5^ + D" are /i-unitary connections. Define 5h 
^'h + ' tlien dh ■= \{D + 5h) is /i-unitary, and '■= D — dh = \{D — 5h) is a 
/i-selfadjoint 1-form with values in EndE. Let dh = Bh + Bh be the decomposition 
in the parts of type (1,0) and (0,1), and let 9h be the (1, 0)-part of 6/i; then it holds 

D = dh + @h = Bh + Bh + eh + ei. 

The map 

Ih:A{E)^A!'{E) , h{D):=d'i:=Bh + 6h&A!'{E) 

is bijective; the inverse is given as follows. For d" = B + 6 G A"{E) let Bh be 
the unique semiconnection of type (1,0) such that the connection dh := Bh + B is 
/i-unitary, and define Q ■= 9 + 9* . Then 

I-\d")^Dh ■.= dh + QeA{E) . 

Remark 2.1 i) In general, if Di,D2 G A{E) are isomorphic, then Ih{Di) and 
Ih{D2) are not isomorphic, and vice versa. 

ii) Dh = dh + 9 + 9* is not h-unitary unless 6 = 0, but the connections dh—0 + 6* 
and dh + 9 — 9* are. 

Hi) Any metric h' in E is of the form h' = f ■ h , i.e. h'{s, t) = h{f{s), t) , where f 

is a h-selfadjoint and positive definite. For a connection D it is easy to show that the 
operator Sh-f associated to D and f-h is given by 6h-f = f~^oShof = Sh+f~^oSh{f) , 
so it holds 

d"f.h = dl + \f-^o5'l{f)-f-^o6'^{f) 

= dl + \f-' o Bh{f) - \f-' o eiif) - o dh{f) + \f-' o 9h{f) . 
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Conversely, for a given Higgs operator d" one verifies 

Df.h = Dh+ o dhif) + o e{f) . 

In particular, if f is constant then the two maps Ih and If.h coincide. 

Definition 2.2 i) Gh ■= {d'ff' is called the vseudocurvature of D with respect to h. 
ii) Fh := -D^ is called the curvature of d" with respect to h. 

Remark 2.3 i) Obviously it holds: Ih{D) is an inteqrahle Higgs operator if and only 
if Gh = , and I^^{d") is a flat connection if and only if Fh = ■ 

ii) For i = 1,2 , let Ei be a differentiable complex vector bundle on X with Hermi- 
tian metric hi and connection Di. Let h be the induced metric and D the induced 
connection in llom{Ei,E2)- Denote by Gi^h resp. Gh the pseudocurvature of Di 
resp. D with respect to hi resp. h. Then for f G A"(Honi(£'i, E2)) it holds 
Gh{f) = G2,hof-foGr,h . 

Similarly, the curvature Fh of the Higgs operator induced in Hom(i5i, £^2) by Higgs 
operators d" in the Ei is given by Fh{f) = F2^h°f — f°Fi,h ■ 

iii) If D is a connection, then D^ is the curvature of d'^ with respect to h, and if d" 
is a Higgs operator, then (c/")^ is the pseudocurvature of Dh with respect to h. This 
trivially follows from the bijectivity of Ih ■ 

Lemma 2.4 i) For D e AiE) let D = dh + Oh = dh + dh + 9h + 9^ be the 
decomposition induced by h as above. If D is flat, then it holds = , dh{&h) = , 
i.e. dh{9h) =Bh{9l) = dh{9l) + dh{9h) = , and fuHhermore d\ = -Qh A Oh ■ 
ii) For d" = d + 9 G A"{E) let dh, dh and Dh be as above, and write d'f^ := dh + 9* . 
If d" is integrable, then it holds {d'^f = , i.e. pi = dh{e*) = 9* A 9* = , 
dl = [dh, d] , and hence Fh = dl + [9, 9*] + dh{9) + d{9*) . 

Proof: i) For D = D' + D" G Af{E) it holds 

= ddh{s, t) = h{{D')\s), t) - h{D'{s), m) + KD'{s), 5'at)) + h{s, {5'^\t)) 
= h{s,{6'^\t)) 

for all s,te A°{E) , i.e. (5^')^ = • Similarly one sees {S'^f = = 5'f^S'/l + d'/^S',^ , 
yielding 6-^=0. We conclude 

dh{eh) = ^[D + Sh,D-dh]=0 , 

and 

o = D^ = {dh + Qhf = dl + dhiOh) + ehAeh = dl + ehAeh ■ 

ii) For d" = d + 9 e H" (E) and dh ^ dh + d it is well known that d^ = , 
and hence d\ = [dh,d] . Furthermore, for all s,t E A'-^E) it holds 

h{dh{9*){s),t) = h{dho9*{s),t) + h{9* odh{s),t) 

= dh{9*{s), t) + h{9*{s), d{t)) - h{dh{s), 9{t)) 

= dh{s, 9{t)) + h{s, 9 o d{t)) - h{dh{s), 9{t)) 

= h{dh{s), 9{t)) + h{s, d o 9{t)) + h{s, 9 o d{t)) - h{dh{s), 9{t)) 

= h{s,d{em) = o, 
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and 

h{9* A 9* (s), t) = -h{s, A 0{t)) = ; 
this shows dh{9*) = = 0* Ae* . ■ 

Now let 5 be a Hermitian metric in X, and denote by cOg the associated (1, l)-form 

on X, by Ag the contraction by cug, and by *g the associated Hodgc-*-operator. 

Recall that in the conformal class of g there exists a Gauduchon metric g, i.e. a 
metric satisfying dd{(jj'^~^) = ; 5 is unique up to a constant positive factor if n > 2 
([G] p. 502, [LT] Theorem 1.2.4). 

There is a natural way to define a map 

degg : n{E) R , 

called q- degree , with the following properties (see [LT] sections 1.3 and 1.4): 

- If g is a Gauduchon metric, and d € 'H{E) is a holomorphic structure, then 
degg(d) is given as follows: Choose any Hermitian metric h in E, and let d be the 
Chern connection in {E, d) induced by h, i.e. the unique /i-unitary connection in E 
with (0, l)-part B. Then 

deg,(5) ^ / tr(d2) A ^ = ^ / trAgd' " < = / ''^M d] ■ < . 

X XX 

- If 5 is arbitrary, then there is a unique Gauduchon metric g in the conformal class 
of g such that deg^ = degg . 

The q- slope of d is 



IJ,g{d) := 



degg (a) 



r 

where r is the rank of E. 

If D = D' + D" is a flat connection, then it holds {D" f = , so D" is a 
holomorphic structure. We define the g-degree and g-slope of D as 

degg(D) := degg{D") , ^g{D) := ^,g{D") . 

Similarly, for an integrable Higgs operator d" = B + 6 it holds B^ = , and we 
define 

deggid") := deggiB) , figid") := figiB) . 

Observe that in all three cases the g(-degrees (resp. slopes) of isomorphic operators 
are the same. 



Remark 2.5 Suppose that g is a Kdhler metric, i.e. d{ujg) = . Then the g-degree is 
a topological invariant of the bundle E, completely determined by the first real Chern 
class ci{E)r £ H'^{X,R). In particular, since all real Chern classes of a fiat bundle 
vanish, it holds degg{D) = for every fiat connection D in E. On the other hand, 
if e.g. X is a surface admitting no Kdhler m,etric a,nd g is Gauduchon, then every 
real number is the g-degree of a flat line bundle on X ([LT] Proposition 1.3.13). 
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Lemma 2.6 If g is a Gauduchon metric, then for any metric h in E it holds: 

i) If D is a flat connection, then 

degg{D) = -— [ tvAgGh-u,^ , 
" nn J " 

X 

where Gh is the pseudocurvature of d" with respect to h. 
a) If d" is an integrable Higgs operator, then 

X 

where Fh is the curvature of d" with respect to h. 

Proof: i) Observe that AgGh = Agdh{Oh) ■ The Chern connection in {E,D") 
induced by h is D" + dh — Oh = D — 26h , and it holds 

tvAgiD - 2eh? = -2trA<,((9 + e*){e) = -2tvKg{Gh + [9, 9*]) = -2trAg(G^) , 

so the claim follows by integration. 

ii) Lemma 2.4 implies tvAgFh — tiAgdj^ ; again the claim follows by integration. ■ 



3 Einstein metrics and stability for flat bmidles. 

We fix a Hcrmitian metric g in X; the associated volume form is volg := , and 

the (j(-volmiic of X is Volg(X) := /volg . We further fix a Hcrmitian metric h in 

X 

E, and denote by | . | the pointwise norm on forms with values in E (and associated 
bundles) defined by h and g. 

Let D e Af{E) be a flat connection in and write D = d + Q = d + d + 9 + 9* 
as in section 1. Let d'^ = Ih{D) = d + 9 € A"{E) be the Higgs operator associated to 
D, and Gh = [d'hf its pseudocurvature. From AgGh = Agdh{9h) and Lemma 2.4 
we deduce 

{iAgGhT = -iAg{{d{e))*) = -iAgd{9*) = iAgd{0) = iAgGh , 

SO iAgGh is selfadjoint with respect to h. 

Remark 3.1 It also holds iAgGh = |Ag(9(8) — 9(6)) , which in the case of a Kdhler 
metric g equals ^d*{Q), where d* is the L'^ -adjoint of d = d + B . 

Definition 3.2 h is called a q- Einstein metric in {E,D) if iAgGh = c ■ ids with a 
real constant c, which is called the Einstein constant . 

Lemma 3.3 Let h be a g-Einstein metric in {E, D), and g = ifi ■ g conformally equiv- 
alent to g. Then there exists a g-Einstein metric h in {E,D) which is conformally 
equivalent to h. 
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Proof: g ~ (p ■ g implies Ag = ^ ■ Ag . From Remark 2.1 iii) it follows that 
for / e C°°(X,M) it holds Gef.h = Gh - \dd{f) ■ id^ . Hence the condition 
iAgGh — c • ids implies iAgG^f.^ = — jPif)) • id^; , where P := iAgdd . Since 
C°°(X,M) = imP e M ([LT] Corollary 2.9), there exists an / such that ^ - \P{f) is 
constant. ■ 



Lemma 3.4 // iAgGh = c • ids with c € R , then it holds: 

^= ~ (n-i)!-Voig(Ji:) • l^gi^) ^fd is Gauduchon. 
ii) degg(f) = if and only if c = . 

Proof: i) is an immediate consequence of Lemma 2.6. 

ii) If g is Gauduchon, then this follows from i) . If g is arbitrary, then let g = (p ■ g be 
the Gauduchon metric in its conformal class such that deg^ = deg^ . Now we have 

iAgGh = ^ iAgGh = ^ degg{D)=0 ^ degg{D)=0. 



Remark 3.5 i) If two flat connections Di,D2 are isomorphic via the automorphism f 
of E, i.e. if D2 o / — / o £>! = , and if h is a g-Einstein metric in {E, Di), then 
f^h is a g-Einstein metric in {E, D2) with the same Einstein constant. 

ii) By Rem,ark 2.3, a necessary condition for d'f[ = Ih{D) to be an integrable Higgs 
operator is that h is a g-Einstein metric for D with Einstein constant c = , so in 
particular degg{D) = . On the other hand it holds d^ = —6 AG (Lemma 2.4), and, 
ifdl IS mtegrable, 9 AO = implying 6* hO* = . This gives tv{d'^) = -tr[6l,6'*] = , 
which implies degg((i^) = . 

iii) For complex vector bundles on compact Riemannian manifolds {X,g), Corlette 
defines a q- harmonic metric for a flat connection by the condition d*{Q) = ([C]). 
If X is complex and g is a Kdhler metric, then the g-degree of any flat connection 
vanishes, so in this context g-harmonic is the same as g-Einstein (see Remarks 2.5 
and 3.1), but in general the two notions are different. 

Now we prove a useful Vanishing Theorem. 

Proposition 3.6 Let D be a flat connection in E, and h a g-Einstein metric in {E, D) 

with Einstein constant c. 

If c > , then the only section s G A^{E) with D{s) = is s = . 

If c = , then for every section s G A°{E) with D{s) ^ it holds d{s) = 0{s) = 

and d{s) = 6*{s) = , so in particular d'/^{s) = . 

Proof: D{s) = is equivalent to 

d{s) = -e{s) , d{s) = -0*{s) ; (1) 

this implies 



ddh{s, s) = -h{d o e{s), s) - h{e{s), e{s)) + h{d{s), d{s)) - h{s, d o e*{s)) . (2) 
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The assumption that h is g-Einstein means iAgd{9) = iKgGt = c ■ ids , which is 
equivalent to iAgd{0*) = -c ■ ids since {iAgd{e))* = -iAg{d{e)*) = -iAgd{e*) ; 
these relations can be rewritten as 

iAgdo9 = -iAg9od + c-idE , iAgd o 9* = -iAgO* o d - c ■ ids ■ (3) 

Using (1) and (3) we get 

iAgh{d o e{s), s) = -iAgh{9 o d{s), s)+c - \s\^ = iAgh{d{s),9*{s)) + c • \s\^ 
= -iAgh{d{s),d{s))+c-\s\^ = \d{s)f+c-\sf , 

and similarly 

iAgh{s,do9*{s)) = \9{s)\^ + c-\s\^ , 

so (2) implies 

iAgddh{s, s) = -2 {\d{s)f + |6»(s)|2 + c • \s\^) . 

Since the image of the operator iAgdd on real functions contains no non-zero functions 

of constant sign ([LT] Lemma 7.2.7), this gives s = in the case c > , and if 
c = we get d{s) = 9{s) = , implying d{s) = 9*{s) = because of (1). ■ 

The following corollary will be used later in the context of moduli spaces. 

Corollary 3.7 For i = 1,2 let Di E Af{E) be a flat connection, hi a g-Einstein 
metric in {E,Di), and d'- := Ifn{Di) e A"{E) the associated Higgs operator. If Di 
and D2 are isomorphic via the automorphism f of E, then d'{ and d'^ are isomorphic 
via f, too. 

Proof: Let h be the metric in EndE' = E* ®E induced by the dual metric of h\ 

in E* and /12 in E, and D the connection in Endi? defined by D{f) = D20 f — f o Di 
for all / € A'^{EndE) . Then D is flat of g-degiee since Di and D2 are flat 
of equal degree, and /i is a 5-Einstein metric in (EndE, D) with Einstein constant 
c = (compare Remark 2.3). Furthermore, the Higgs operator d" in EndE defined 
by d"{f) = d2 o f — f o d'l equals Ih{D). Hence Proposition 3.6 implies that an 
automorphism f of E with D{f) =0 also satisfies d"{f) = . ■ 

If F C E is a D-invariant subbundle of E, then it is obvious that flatness of D 
implies flatness oi D\p, and hence the following definition makes sense. 

Definition 3.8 A flat connection D in E is called a- (semi ) stable iff for every proper 
D-invariant subbundle F C E it holds ^^(DIf) > fJ'g{D) (^g{D\p) > iJLg{D)). 
D is called Q- yolystable ijf E = Ei (B E2 (B ■ ■ ■ (B Ek is a direct sum of D-invariant 
and g-stable subbundles Ei with ^g{D\Ei) ~ IJ-giF)) for i = 1,2, . . . ,k . 

Remark 3.9 i) Let D be a flat connection in E, and F C E a proper D- 
invariant subbundle. Then g- stability of D implies Hg{D\F) > ^,g{D) and hence the 
Q - instability of the holomorphic structure D" in E (in the sense of e.g. [LT]) since F 
is a D" -holomorphic subbundle of E. 

ii) Suppose that g is a Kdhler metric; then degg{D) = for every flat connection D 
(Remark 2.5). Hence a flat connection D in E is 
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- always g-semistahle, 

- g-stahle if and only if E has no proper non-trivial D-invariant subbundle, 

- g-polystable if E is a direct sum of D-invariant g-stable subbundles. 

This means that g- (poly-) stability on a Kahler manifold coincides with (poly-) stability 
in the sense of Corlette [C]. 

Hi) It is obvious that stability in the sense of Corlette always implies g-stability, but 
at the end of this section we will give an example of a g-stable bundle which is not 

stable in the sense of Corlette. 

Definition 3.10 A flat connection D in E is simple if the only D-parallel endomor- 
phisms f, i.e. those with -DEnd(/) — Dof — foD = 0, are the homotheties 
f = a - ids , a e C . 

Let D be a flat connection in E, Q ^ F G E a _D-invariant subbundle, and 

771 . 

Q :— p the quotient with natural projection tt : E — > Q . Then D induces a flat 
connection Dq in Q such that Dq o tt = tt o Z? . In particular, _F is a holomorphic 
subbundle of {E,D"), and Dq is the induced holomorphic structure in Q. Since the 
9-dcgrce of a flat connection D by definition equals the g-degrec of the associated 
holomorphic structure D" , it follow degg(-D) = degg(-Di) + degg(Dg) . Hence as in 
the case of holomorphic bundles one verifies (compare [K] Chapter V) 

Proposition 3.11 i) A flat connection D in E is g-(semi)stable if and only if for 

TP I 

every D-invariant proper subbundle F C E with quotient Q = /p it holds 
fJ'giDg) < Hg{D) (resp. Hg{DQ) < Hg{D) .) 

a) Let {Ei,Di) and {E2,D2) be g-stable flat bundles over X with Hg{Di) = ^g{D2) ■ 
If f e v4"(Hom(£i, £'2)) satisfies D2 o f = f o Di , then either / = or f is an 
isomorphism. 

Hi) A g-stable flat connection D in E is simple. 

Next we prove the first half of the main result of this section. 

Proposition 3.12 Let D be aflat connection in E, and h a g-Einstein metric in {E, D) 
with Einstein constant a; then D is g-semistable. If D is not g-stable, then D is g- 
polystable; more precisely, E = Ex ® E2 ® ■ ■ ■ ® Ek is a h-orthogonal direct sum of 
D-invariant g-stable subbundles such that fig{D\Ei) — tJ'g{D) for i = l,2,...,fc . 
Furthermore, h\Ei is a g-Einstein metric in {Ei,D\Ei) with Einstein constant c for 
all i, and the direct sum is invariant with respect to the Higgs operator d'/^ = Ih{D) . 

Proof: First we consider the case when g \s& Gauduchon metric. Let F C E 
be a D-invariant proper subbundle of rank s; then E = F (B F-^ , where F-^ is the h- 
orthogonal complement of F. With respect to this decomposition, we write operators 
as 2 X 2 matrices, so D has the form 



where Di = D\p and D2 is a fiat connection in F-^. We use notations as in section 
2; it is easy to see that the operator S associated to D hy h has the form 
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where the Si are the operators associated to the Z), by h. Similarly it holds 

^n"^A'M ^fD'{ + S'{ A" \ f d, ^A" \ 
d=-{D+S) = -(^ A- + ) = [^^A'* d2 ) ^ 

and 

where A' resp. A" is the part of A of type (1, 0) resp. (0, 1). This implies 

d{e) = [d,0] 

f d^{ei) + ^iA' AA'* -A" AA"*) * 
~ V * d2{e2) + l{A'* AA' -A"* AA") 

hence 

c • ids = i^gGh 

f iAgGi,h + i^g{A' AA'* -A" AA"*) 
\ * iAgG2,h + zAg{A'* A A'- A"* A A") 

and thus 

sc = tr(iAgGi,^ + ^Ag{A' A A'* - A" A A"*)) = itvAgGt^h + ^ 1^1' • 
Using Lemma 2.6 and Lemma 3.4 we conclude 

= --^ / trA,Gi,, • < > -2t^Vol,{X) = n,{D) ; (5) 
snn J TT 

X 

this prove that D is g-semistable. 

If D is not 5-stable, then there exists a subbundle F as above such that equality holds 
in (5), which implies A = . This means not only that F-^ is £>-invariant, too, with 
D\p± = D2, but also that 

lAgGi^h = c • idF , iAgG2,h = c ■ idF± 

by (4). Hence the restriction of ft- to F resp. F^ is g-Einstein for Di resp. D2, and it 
holds iig(Di) = l-i-g{D) ~ Hg{D2) by Lemma 3.4. Furthermore, the £)-invariance of 
F means that the inclusion i : F ^ E is parallel with respect to the flat connection 
in Hom(i^, E) induced by Di and D. Using Remark 2.3 and Proposition 3.6 as in the 
proof of Corollary 3.7, we conclude that i is also parallel with respect to the associated 
Higgs operator, i.e. that F is d'^-invariant; the same argument works for F^. If Di 
and D2 are stable, then we are done; otherwise the proof is finished by induction on 
the rank. 

Now let g be arbitrary, let g be the Gauduchon metric in its conformal class with 
degg = degg , and let h he a 5-Einstein metric in the conformal class of /i, which 
exists by Lemma 3.3; then the theorem holds for g and h. Since g and g define the 
same degree and slope, and hence stability, it follows that D is 5-semistable. If D 
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is not (7-stable, then there exists a D-invariant proper subbundlc F as above with 
fig{Di) = ^g{Di) = Hg{D) = fig{D) . Note that the /i-orthogonal complement F-^ of 
F is also the /i-orthogonal complement, since h and h are conformally equivalent. 

Hence, using g and h we conclude as above that D = -D ) with respect the 

decomposition E = F (B F-^ ; now we can proceed as in the Gauduchon case. ■ 

Another consequence of Proposition 3.6 is 

Proposition 3.13 Let D be a simple flat connection in E. If a g-Einstein metric in 
{E, D) exists, then it is unique up to a positive scalar. 

Proof: Let /ii,/i2 be gi-Einstein metrics in {E,D), and c G M the Einstein con- 
stant. There are differentiable automorphisms / and k of E, selfadjoint with respect 
to both hi and /12, such that f = k^ and h2{s,t) = hi{f{s),t) = hi{k{s), k{t)) for 
all s,t € . Since D is simple it suffices to show D{f) = . 

We define a new flat connection D := ko D o k^^ . In what follows, operators S, 
d, Q etc. with a subscript i are associated to D by the metric hi, without a subscript 
they are associated to D by hi. One verifies 

82 = oSio f , 5 = k~^ o 5iok = ko 82° k~^ , 

implying 

d=]^{b + 5) = kod2ok-^ , <d = ]^{b-5) = ko@2ok-^ 

and hence 

iAgGhi = iAgd{0) =iko Kgd2{02) o k~^ =iko ^gG2,h^ ok~^ =c- id^ , 

so hi is a gi-Einstein metric in {E, D). It follows that hi induces a gi-Einstein metric 

with Einstein constant for the flat connection -DEnd(-) = . o D — D o . in Ends'. 
By definition it holds -DEnd(^) = , so Proposition 3.6 implies (iEnd(fc) = . Since 

fend = 2dEnd - £>End , it fohoWS 

= <5End(fc) = koSi— Sok = koSi — k~^ o i5i o fc^ = k~^ o (/ o Si — Si o f) , 

implying (5i,End(/) = , where (5i,End is the operator on Endi? induced by D and 
hi. But this is equivalent to S[ End(/) ~ ^ ^^'^ ^1 End(/) ~ ^ , and taking adjoints 
with respect to hi we get 

0=(5'l,End(/)r =^End(/) , = (5'/,End (/))*= ^End(/) , 

i.e. £'End(/) = 0. ■ 
Let {E, D), {E, b) be flat bundles with ^-Einstein metrics h, h. Let E = @ Ei 

i=l 

I - 

and E = ^ Ei be the orthogonal, invariant splittings given by Proposition 3.12. 

We write £>, := D\Ei , Di := D\^, , hi := h\Ei , hi := h\^. . Using Propositions 3.11 
and 3.13 one verifies 
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Corollary 3.14 Suppose that there exists an isomorphism f G A'^ {}iom(E , E)) satis- 
fying foD = Do f . Then it holds k = I , and, after renumbering of the summands if 
necessary, there are isomorphisms fi G A^(Rom{Ei, Ei)) such that fioDi = DiO f 
and f*{hi) = hi . 

The following result is the converse of Proposition 3.12. 

Proposition 3.15 Let {E,D) a g-stable flat bundle over X. Then there exists a g- 

Einstein metric for {E,D). 

Sketch of proof: The proof is very similar to the one for the existence of a g- 
Hermitian Einstein metric in a ^-stable holomorphic vector bundle as given in Chapter 
3 of [LT]. Therefore we will be brief, leaving it to the reader to fill in the necessary 
details. 

First observe that by Lemma 3.3 we may assume that 5 is a Gauduchon metric. 
For any metric h in E it holds 

Gh = dHien) = l[D" + SI D' - S',] = -\[D", S',] + \[D\ 6'^ 

since -D^ = (5^ = . Observe that [D",S'j^] resp. [l?',^^'] is the curvature of the 
/i- unitary connection D" + 5^ resp. D' + 5'^. 

Fix a metric in E, and let 5 = 5' + 5" , d = d-\-d , Q = 6-^6* be the operators 
associated to D = D' + D" and ho as in section 2. Consider for an /iQ-selfadjoint 
positive definite endomorphism f of E and e G [0, 1] the differential equation 

L,(/) := K° - \K,D"{f-^ o 6'{f )) + "-A.D'if-^ o S'\f )) - e ■ log(/) = , (6) 

where K° := iAgd{e) - c ■ ids = -|Ag ([£>", (5'] - [D\S"]) - c ■ ids , and c is the 
constant associated to a possible g-Einstein metric for {E,D). The metric f ■ ho , 
defined by / • ho{s, t) := ho{f{s),t) for sections s, t in E, is ^(-Einstein if and only if 
Loif) = . ■ 

The term Ti := iAgD"{f ^ o S'{f)) (associated to the unitary connec- 
tion di := 6' + D" ) in equation (6) is of precisely the same type as the term 
To := iAgd{f~^ o 9o(/)) (associated to the unitary connection do = do + d) in equa- 
tion (**) on page 62 in [LT], and the term T2 := —iAgD'{f~^ o S"{f)) (associated 
to the unitary connection d2 D' + S" ) is almost of this type; e.g. the trace of all 
three terms equals iAg99(tr(log /), and the symbols of the differential operators -^Ti, 

where Tj(/) := / o Ti{f ) , are equal, too. Therefore most of the arguments in [LT] 
can easily be adapted to show first that for a simple fiat connection D equation (6) 
has solutions for all e G (0, 1] , which satisfy det = 1 , and which converge to 
a solution / of Lo{f ) = if the L^-norms of the are uniformly bounded. (There 
are two places where one has to argue in a slightly different way: In the proof of the 
analogue of [LT] Lemma 3.3.1, one uses the Laplacian = D* o D instead of Ag, 
and in the proof of the analogue of [LT] Proposition 3.3.5 the sum A^^ + A^j of the 
two Laplacians associated to di and ^2 instead of just one.) 

Then, under the assumptions that rkE > 2 and that the L^-norms of the fe are 
unbounded, one shows that for suitable Si — > , p{si) — > , the limit 

TT := ids - lim ( lim p{ei) ■ /e,) 
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exists weakly in L^, and satisfies in tt = tt* = tt^ and 

(idjj - tt) o D{Tr) = . (7) 

This implies (id^; — tt) o D"{-k) = , so tt defines a weakly holoniorpliic subbundle 
of the holomorphic bundle {E, D") by a theorem of Uhlenbeck and Yau (see [UY], 
[LT] Theorem 3.4.3). ^ is a coherent subsheaf of {E,D"), a holomorphic subbundle 
outside an analytic subset 5 C X of codimension at least 2, and tt is smooth on 
X\S. Therefore (7) implies that T\x\s is in fact a D-invariant subbundle of E\x\s: 
which extends to a D-invariant subbundle f of ii^ by the Lemma below. Again using 
arguments as is [LT], one finally shows that F violates the stability condition for 
{E,D). ■ 



Lemma 3.16 Let X he a differentiable manifold, E a differentiable vector bundle over 
X, and D a flat connection in E. Let S C X be a subset such that X \ S is open 
and dense in X, and with the following property: For every point x € S and every 
open neighborhood U of x in X there exists an open neighborhood x € U' C U such 
that U' \S is path- connected. 

Then every D-invariant subbundle T of E\x\s extends to a D-invariant subbundle F 
ofE. 

Proof: For every x E S choose an open neighborhood x <= U C X such that 
U\S is path connected and {E\u, D) = [U x V, d) , where F is a vector space and 
d the trivial flat connection. Since !F is D-invariant and U\S is path connected, it 
holds 

{T\u\s,D)^{{U\S)xW,d) , 

where W CV is a constant subspace. Define F over U hy F\u := U x W ; then 
the topological condition on S implies that this is well defined on S, and hence gives 
a D-invariant extension F oi over X. ■ 

The following main result of this section is a direct consequence of Proposi- 
tions 3.12 and 3.15. 

Theorem 3.17 A flat connection D in E admits a g-Einstein metric if and only if it 
is g-polystable. 

As for stable vector bundles and Hermitian-Einstein metrics, the gauge theoretic 
interpretation of our results is as follows. The group 

:= A°{GL{E)) 

of differentiable automorphisms of E acts on A{E) by D ■ f = f~^ o D o f , so 

is the moduli space of isomorphism classes of connections in E. Observe that flatness, 
simplicity and ^-stability are preserved under this action. Fix a metric h in E; then 
it holds: 
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Corollary 3.18 The following two statements for a flat connection D are equivalent: 
i) D is g-stable. 

a) D is simple, and there is a connection Do in the Q'^- orbit through D such that h 
is g-Einstein for Dq. 

The essential uniqueness of a g'-Einstein metric (Proposition 3.13) impHes that 
the connection Dq in ii) is unique up to the action of the subgroup 

g- A''{U{E,h))cg^ 

of /i-unitary automorphisms. This means that the moduli space 

Mf{E) = {^^ ^/(^) \Disg- stable }/ 

of isomorphism classes of g-stable flat connections in E coincides with the quotient 
{-De Af{E) I D is simple and h is g — Einstein for ^ } 



Example: We now give the promised example of a flat bundle which is g-stable, 

but not stable in the sense of Corlettc. 

An Inoue surface of type is the quotient of H x C by an afSne transformation 
group G generated by 



9o{w,z) 
9i{w,z) 



— {aw, ±z + t) , 

= {w + ai,z + biW + Ci) , i = 1,2, 

= {w,z + cs) , 



with certain constants a, a,, 6i, C3 e M , ci, C2 e C (see [P] p. 160). Since the second 
Betti number of vanishes, the degree map 

degg : Pic(5±) M 

associated to a Gauduchon metric g is, up to a positive factor, independent of the 
chosen metric g. In particular, all Hermitian metrics g define the same notion of 
5(-stability ([LT] Remark 1.4.4 iii)). 

The trivial fiat connection d on H x C induces a flat connection D in the tangent 
bundle E := Tg± . A Z)-invariant sub- line bundle of E is in particular a holomorphic 

subbundlc, so it defines a holomorphic foliation of S^. According to [B] Thcorcme 
2, there is precisely one such foliation, namely the one induced by the G-invariant 
vertical foliation (i.e. with leaves {w} x C) of HI x C. The corresponding trivial line 
bundle on H x C is rf- invariant, so it descends to a unique _D-invariant subbundle 
L of E; this shows that E is not stable in the sense of Corlette. Observe that L has 
factors of automorphy x{9i) = il ; i = 0, 1, 2, 3 , so the standard flat metric in Lq 
defines a metric h in L such that the associated Chern connection in (L, D"\l) is flat; 
this implies iJ,g{D\L) = degg{D\L) = . On the other hand, the (^-degree, and hence 
the 5-slope, of E is negative by [P] Proposition 4.7; this implies the g-stability of E 
since L is the only D-invariant proper subbundle of E. 
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4 Einstein metrics and stability for Higgs bundles. 

Again we fix Hermitian metrics g in X and h in E. 

Let d" = d + 6 G ■A.'-{E) be an integrable Higgs operator, 

Dh = ihHd") = d + e = d + d + e + e*e a{e) 

the connection associated to d" as in section 2, and F/j = Df^ its curvature. 

Definition 4.1 h is called a g- Einstein metric in {E,d") if := iAgF^ = c • id^; 

with a real constant c, the Einstein constant . 

Lemma 4.2 Let h be a g-Einstein metric in (E, d"), and g = ip ■ g conformally equiv- 
alent to g. Then there exists a g-Einstein metric h in {E, d") which is conformally 
equivalent to h. 

Proof: From Remark 2.1 iii) it follows that for f€C°°{X,M.) it holds 
^ef-h = Fh+ dd{f) ■ ids ■ Using this, the proof is analogous to that of Lemma 3.3. ■ 

Notice that since d" is integrable it holds (compare Lemma 2.4) 

Kh = iKg{d^ + [e, e*]) = iAgiid, B] + [e, e*]) 

where d = d + d . An immediate consequence of Lemma 2.6 and Lemma 4.2 is (com- 
pare the proof of Lemma 3.4) 

Lemma 4.3 // lAgF^ = c ■ ids with c gM. , then it holds: 

(„_i)LVoig(x) ■ Aig('^") if g is Gauduchon. 
a) degg{d") =0 if and only if c = . 

Remark 4.4 (compare Remark 3.5) 

i) If two integrable Higgs operators d'/^dj are isomorphic via the automorphism f of 
E, i.e. if d'2 o f — f o d'l = , and if h is a g-Einstein metric in (E, d"), then f^h is 
a g-Einstein metric in {E,d'2), and the associaied, Einstein constants are equal. 

ii) By Remark 2.3, a necessary condition for Dh = Ih{d") to be a flat connection is h 
to be Einstein with Einstein constant c = , so in particular degg{d") — . On the 
other hand, the Chern connection in {E,D'^) is d — 6-\-d+9* , so the g-degree of Dh is 
obtained by integrating trAg[9 + 0*, d — 9] which equals trAg[9, d] since d" is integrable 
(Lemma 2.4 ii)). If D^ is fiat, we furthermore have d^ = —& A & (Lemma 2.4 i)), 
implying tr[9, 9] = and hence degg{Dh) = . 

In analogy with the case of Hermitian-Einstein metrics in holomorphic vector 
bundles, the following vanishing theorem holds. 

Proposition 4.5 Let h be a g-Einstein metric in [E, d") with Einstein constant c. 

If c < , then the only section s e A^{E) with d"{s) =0 is s = . 

If c = , then for every section s € A^{E) with d"{s) =0 it holds Dh{s) = . 
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Proof: For s e A°{E) , d"{s) = is equivalent to d{s) = = 9{s) . This implies 
c-\sf = c-h{s,s) = h{Kh{s),s) = iAg{h{dd{s),s) + h{e*{s),e*{s))) . (8) 
We have 

iKgddh{s, s) = iKg {h{dd{s), s) - h{d{s), d{s))) 
since d{s) = , and using (8) we get 

iAgddh{s, s) = c- |s|2 - \d{s)f - |r . 

Now the claim follows as in the proof of Proposition 3.6. ■ 

The proof of the following corollary is analogous to that of Corollary 3.7. 

Corollary 4.6 For i = 1,2 let d'- E A'-{E) he an integrable Higgs operators, hi a 
g-Einstein metric in {E,d'l), and Di := I^^{d'-) & A{E) the associated connection. 
If d'l and ^2 isomorphic via the automorphism f of E, then Di and D2 are 
isomorphic via f, too. 

Let d" = d + 6 be an integrable Higgs operator in E. A coherent subsheaf of 

the holomorphic bundle (E, d) is called a Higgs - subshcaf of (E, d") iff it is (i"-invariant. 
For the definition of the g-degree and g-slope of a coherent sheaf see [LT] . 

Definition 4.7 An integrable Higgs operator d" in E is called g - (semi) stable iff 
for every coherent Higgs-subsheaf T of {E,d") with < rlcF < rki^ it holds 
^ig{^) < l-tgiE) ( fJ-giJ^) < A*g(-E') )■ d" is called a- volystable iff E is a direct 
sum E = El (B E2 (B ■ ■ ■ (B Ek of d" -invariant and g-stable subbundles Ei with 

fig{d"\E, =Hg{d") for i^l,2,...,k . 

Definition 4.8 An integrable Higgs operator d" in E is called simyle iff for every 
feA°(EndE) with d" o f = f o d" it holds f = a-idE with aeC. 

As in the case of stable vector bundles or fiat connections, (semi)-stability can 
equivalently be defined using quotients of E; again it follows 

Lemma 4.9 i) A g-stable integrable Higgs operator in E is simple, 
ii) Let d'l, ^2 be g-stable integrable Higgs operators in bundles E\, E2 on X such that 
fjig{d'i) = figid'^) ■ If f e A'^{'Rom{Ei,E2)) satisfies 4' o / = / o d'( , then either 
/ = or f is an isomorphism. 

Furthermore, using arguments similar to those in the proof of Proposition 3.13, 
we get the following consequence of Proposition 4.5. 

Proposition 4.10 Let d" be a simple integrable Higgs operator in E. If a g-Einstein 
metric in {E, d") exists, then it is unique up to a positive scalar. 

The proof of the next result is a straightforward generalization of that in the 
Kahler case [S2] (just as for the proof of the corresponding statement for Hermite- 
Einstein metrics in vector bundles, see [LT]). 
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Proposition 4.11 Let d" be an integrable Higgs operator in E, and h a g- Einstein met- 
ric in {E, d") with Einstein constant c; then d" is g-semistable. If d" is not g-stable, 
then d" is g-polystable; more precisely, E = E\ ® E2 ® ■ . ■ ® Ek is an h- orthogonal 
direct sum of d" -invariant and g-stable subbundles such that Hg{d"\Ei) = fig{d") for 
i = 1,2, . . . ,k . Furthermore, h\Ei is a g-Einstein metric in {Ei,d"\Ei) with Einstein 
constant c for all i, and the direct sum is invariant with respect to the connection 

DH=I^\d"). 

Let d" , d" be integrable Higgs operators in bundles E, E with ^(-Einstein metrics 

k _ i _ 

h, h. Let E = ^ Ei and E = ^ Ei be tlie ortliogonal, invariant splittings given 

i=l i=l _ _ 

by Proposition 4.11. We write d'- := d"\Ei , d" := d"\^, , hi := h\Ei , hi := Me. ■ 
As in the previous section (but now using Lemma 4.9 and Proposition 4.10) we 

deduce 

Corollary 4.12 Suppose that there exists an isomorphism f S A° {'Hom{E , E)) sat- 
isfying f o d" = d" o f . Then it holds k = 1 , and, after renumbering of the 
summands if necessary, there are isomorphisms fi £ A9{Rom{Ei,Ei)) such that 

f-i o d,'! = d'l o f and f*{hi) = hi . 

Remark 4.13 We expect that the existence of a g-Einstein metric for a g-stable Higgs 
operator d" can be proved by solving (again using the continuity method as in [LT]) 
the differential equation 

Kh+iAgd"{f-^od'{f)) = c-idE 

for a positive definite and h-selfadjoint endomorphism f of E, where h is a suitable 
fixed metric in E. 

5 Surfaces. 

In this section we consider the special case n = 2 , i.e. where X is a compact com- 
plex surface; again we fix a Hermitian metric g in X. In this case, the real Chern 
numbers cf (i?) , C2 S H^{X,R) = R can be calculated by integrating the corre- 
sponding Chern forms of any connection in E, independently of the chosen metric g. 
In particular, if E admits a flat connection, then these Chern numbers vanish. 

Proposition 5.1 Suppose that D E Af{E) is a flat connection of g- degree 0, and 
that h is a g-Einstein metric in {E,D). Then it holds Gh ~0 . In particular, the 
Higgs operator d'^ associated to D and h is integrable with degg{d'^) = , and h is a 

g-Einstein metric for (E, c?'^). 

Proof: (see [S2]) For e > we define a new connection -.= d -0 + eO* , 
and := . Observe that n = 2 imphes F^ = ^ , where V, = rf^ ed' . The 
vanishing of the Chern numbers of E implies J trF^ = , and hence J trV^ = for 

X X 

all e > . Taking the limit e — > it follows 




X 
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Write Gh — G\^i + G2 , where is the component of the 2-form Gh of type (1, 1). 
Then it holds 

*gGi4 = -Gi,i , *gG2 = G2 ; (10) 

the first equation is a consequence of AgGh = , which follows from the assumption 
and Lemma 3.4. On the other hand, it holds Gh = d'^ + d{6) + 6 A6 , so Lemma 2.4 
implies 

= 5(61) = d{e*y = -d{0y = -g^^ , (ii) 

and 

G2 = d^ + eA0 = -e*Ae*-0Ae = {eAe + 0*A 0*)* = g; . (12) 

(11) and (12) combined with (10) give *gGj^ = G/j , so from (9) it follows 
= j ivGl = j tv{Gh A *gGl) = I \Gh\\olg , 

XX X 

implying (d^)^ = Gh = ■ Hence d'^ is intcgrable, degg(d^) vanishes (Remark 3.5), 
and h is (/-Einstein for {E, d")h) because the curvature of d'l with respect to h equals 
£»2 = . ■ 



Proposition 5.2 Suppose that c\{E) — C2{E) = , that d" is an integrable Higgs oper- 
ator of g -degree 0, and that h is a g-Einstein metric in {E, d"). Then it holds Fh = ■ 
In particular, the connection Dh associated to d" and h is flat with degg{Dh) = , 
and h is a g-Einstein metric for {E, Dh). 

Proof: Define := (^^ + [61, 6**] , F2 := d{0) -h 8(0*) ; then Fh = F2 . 

Observe that Fi_i is of type (1,1) because d is a unitary connection in the holomorphic 
bundle {E, B). Since dcgg{d") = , Lemma 4.3 implies = A^F/j = AgFi^i , hence 
it holds *gFi,i = — Fi 1 and *gF2 = F2 . On the other hand, it is easy to see that 
Fi i — — Fi^i and Fj* = F2 . Combining these relations we get *gF^ = Fh ■ Since 
cl{E) resp. C2(F) are obtained by integrating — ji^(trF/,)^ resp. — gi^((trF;,)^ — 
tr(i^ft)), we get 

= J tr(F2) = J tT{Fh A *gF^) = WFhf , 

X X 

implying = F;^ = . Hence Dh is flat, degg{Dh) vanishes (Remark 4.4), and h is 
(/-Einstein for {E,Dh) because the pseudocurvature of Dh with respect to h equals 
{d"f = . ■ 



Remark 5.3 The above proposition implies in particular the following: Suppose that 
cf (F) = C2(F) = ; if there exists an integrable Higgs operator d" in E with g-degree 
admitting a g-Einstein metric, then the real Chern class ci(F)ik G H'^{X,R) van- 
ishes, because there is a flat connection in E. 
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We define Af(E)'^ to be the space of D £ Af{E) of g-degrec such that there 
exists a gi-Einstein metric in {E, D), and A'-{E)° to be the space of d" G A'-{E) of 
g-degree such that there exists a g'-Einstein metric in {E,d"). By Remark 3.5 and 
Remark 4.4, the two moduli sets 



■^f{^)g ■ '^V isomorphy of connections 

and 

v-^/g • /isomorphy of Higgs operators 



are well defined. The main result of this section is 



Theorem 5.4 There is a natural bijection 

I : MfiEfg M"{E)l . 

Proof: First observe that we may assume that the rcial Chern classes of E vanish, 
since otherwise both spaces are empty (see Remark 5.3). 

Let D be a flat connection in E with g-degree 0, and h a g-Einstein metric in 
{E,D). By Proposition 5.1, the associated Higgs operator dj' = Ih{D) is integrable 
with (^-degree 0, and /i is a g-Einstein metric in {E,d'l^). We will show that the map 
/ defined by I{[D]) := [dj^] is well defined and bijective. 

Suppose that D,D G Af{E)^ are isomorphic via the automorphism / of E; 
then is g-Einstein in (E, D) (Remark 3.5), the Higgs-operator d" associated to D 
and is isomorphic to d" via / (Corollary 3.7), and is a g-Einstein metric in 
{E, d") (Remark 4.4). To prove that I is well defined it thus suffices to show that two 
different gi-Einstein metrics h,h for a fixed D G Af{E)^g produce isomorphic Higgs 
operators d'l^,d'j^. For this consider the D-invariant and h- resp. /i-orthogonal splittings 

E = ^ Ei resp. E = ^ Ei associated to h resp. h by Proposition 3.12. According 

i=l i=l 

to Corollary 3.14 (with E = E , D = D , f = ids ) it holds k ~ I , and we may 
assume that there are isomorphisms fi : {Ei, Di,hi) — > {Ei, Di,hi) of fiat bundles 
of g-degree with g-Einstein metrics, where Di := D\Ei , Di := D\^, , hi := h\Ei , 
hi := h\^. . This means in particular that the Higgs operator d" in Ei associated to 
Di and hi is isomorphic via fi to the Higgs operator in Ei associated to Di and hi. 
Hence = d" © . . . d'^ is isomorphic to = © . . . © d'^ via the isomorphism 
/ := /i © . . . © /fc . 

In the same way, but using Proposition 5.2 and the results of section 4, one shows 
that there is a well defined map from M"{E)^ to Mf{E)^, associating to the class of 
an integrable Higgs operator d" with g-Einstein metric h the class of the connection 
Dh = If^^{d") ; this obviously is an inverse of /. ■ 



6 Line bundles on non-Kahler surfaces. 

Isomorphism classes of flat complex line bundles {L,D) on a manifold X are 
parametrized by H^{X,C*). On the other hand, an integrable Higgs operator 
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d" ^ d + in a complex line bundle L consists of a holoniorphic structure d in 
L and a holomorphic l-form on X (the condition A0 = now is trivial). Fur- 
thermore, two integrable Higgs operators d'{ and ^2 in L are isomorphic if and only 
if the two holomorphic line bundles (L, di) and (L, 82) are isomorphic and 0i = 62 ■ 
Hence, the space parametrizing isomorphism classes of integrable Higgs operators 
is H'^{X, O*) e = Pic(X) e H'^'°{X) . In particular, the moduh sets 

and M"{Vfg defined in the previous section are subsets of H^{X,€-*) resp. 
Pic(X) ©i7i'0(X). 

Lemma 6.1 Let L he a complex line bundle on X , and g a Hermitian metric in X. 
Then every flat connection in L and every integrable Higgs operator in L admits a 
g-Einstein metric. 

Proof: Let ho be fixed metric in L, then every metric is of the form hj = eJ ■ Iiq 
with / S C°°{X, M.) . Let -D be a flat connection in L; then hf is a (/-Einstein metric 
for D if and only if it is a solution of the equation iAgGho — ^Agdd{f) = c with a 
real constant c. Such a solution exists by [LT] Corollary 7.2.9. A similar argument 
works for integrable Higgs operators. ■ 

From now on let X be a surface , and g a fixed Hermitian metric in X. Then the 
map degg : Pic(X) — > R is a morphism of Lie groups ([LT] Proposition 1.3.7; recall 
that degg = degg for some Gauduchon metric g). We define 

H\X,C*y ■■= { [iL,D)] e H\X,C*) I degg{D) = } , 
Pic(X)^ := { [{L,d)] e Pic(X) I ci(L)r = } , 

and 

Pic{Xy := ker(degg |pic(x)T) • 

Observe that Pic{X)^ can be identified with the set of isomorphism classes of line 
bundles admitting a flat unitarv connection ([LT] Proposition 1.3.13). 
Theorem 5.4 and Lemma 6.1 imply 

Proposition 6.2 There is a natural bisection 

h ■ H\X,C*y Pic{Xy X H^'°{X) . 

If X admits a Kahler metric, i.e. if the first Betti number of b-i{X) is even, then 
degg is a topological invariant for every metric g ([LT] Corollary 1.3.12 i)). Hence in 
this case it holds H^{X,C*y = H^{X,C*) and Pic{X)f = Pic{Xf , and h is the 
natural bijection from the moduli space of isomorphism classes of flat line bundles 
to the moduli space of integrable Higgs operators in line bundles with vanishing first 
real Chern class, which (e.g. by the work of Simpson) already is known to exist for a 
Kahler metric g. 

So let us assume that bi{X) is odd. Then degg |picO(ji:) '■ Pic'^(-^) — >■ R is 
surjective, and it holds 

([LT] Corollary 1.3.12 and Proposition 1.3.13). We will show that h extends to a 
(non-natural) bijection from H^{X,C*) to Pic(X)^ x H^'°{X) in this case, too. 
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Lemma 6.3 There is a bijection i : Pic(X)^ — > Pic{X)^ x K such that the diagram 

a II 

Pic{Xy X M -22:2^ R 

commutes. 

Proof: dcgg |picO(j(:) is surjective, so we can choose £1 := [(Z/i,9i)] G Pic°(X) 
with degg(£i) = degg(9i) = 1 , and a class a G O) such that £1 = 7r(a) 

where tt : H^{X, O) — > Pic°{X) is the natural surjection. For A € M define 

C\ := 7r(A • a) ; 

then degg(£A) = A since degg ott : O) — > M is linear. Now define i by 

i(£) := (£(8)£_deg^(£),degg(/:)) ; 

then it is obvious that the inverse of i is given by (£, A) 1— > £ (g) £a j and that the 
diagram above comnuites. ■ 

In the proof of a similar statement for H^{X, C*) we will use 

Lemma 6.4 The natural map 

I' : H\X,C1 Pic(Xf , 1\[{L,D)]) := [{L,D")] . 

is surjective, i.e. a holomorphic structure d in a differentiahle line bundle L on X 
is the (0,l)-part of a flat connection if and only if the real first Chern class ci(L)k 
vanishes. 

Proof: Pic{X)f can be naturally identified with H^{X,U{1)), such that the 
inclusion Pic(X)/ ^ Pic(X) becomes the injection : H^{X, U{1)) ^ H^{X, O*) 
([LT] p. 38). fci is the composition of the natural map H^{X,U{1)) — > H'^{X,C ) 
and l^, so it holds 

Pic(X)^ = im(fc^) c im{l^) . 

Each component of Pic(X)^ contains a component of Pic(X)-'' ([LT] Remark 1.3.10), 
hence for each component 

Pic'=(X) := { [{L,d)] e Pic(X) I ci(i)z = c } C Pic(X)^ 

there exists a class [(Lc,-Dc)] e H\X,C*) such that l^{[{Lc, Dc)]) e Pic'=(X) . 
Define H^{X,C*)° := { [{L,D)] G H^{X,C*) \ Ci(L)z = } . The commutative di- 
agram with exact rows 

— > Z — > C C* — > 



I i 
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induces the commutative diagram 

H\X,C) — ' H\X,C*)° 

H\X,0) Pic°{X) 

with surjective horizontal arrows. Since X is a surface, the left vertical arrow is 
also surjective ([BPV] p. 117), hence maps H^{X,C*)'^ surjectivcly onto Pic^{X). 
Now it is easy to see that every element of Pic'^(X) C Pic{X)'^ is of the form 
Zi([(Lc ^L,Dc(E> D)]) for some [{L, D)] G H^{X, C*)° . ■ 

Lemma 6.5 There is a bijection j : H'^{X,C*) — ^ H'^{X,C*y x R such that the 
diagram 

H^{X,C*) R 
ji II 

H\X,C*yx'^ K 

commutes, where degg := deggOl^ is the map associated to the g-degree of flat con- 
nections. 

Proof: Choose Ci G Pic°(X) , a G H^{X,0) as in the proof of Lemma 6.3, and 

a class /?effi(XC) with = a . Let 7r':iJi(X,C) — >i?i(X,C*) be the 

map induced by exp : C — > C* , and define C'^ := 7r'(/?) G i?^(X, C*) . Since the 
diagram 

i?i(X,C) -A iJi(X,C*) 

H^{X,0) — > Pic(X)^ 
commutes, it holds degg(£'i) = 1 . The rest of the proof is as for Lemma 6.3. ■ 

We conclude 
Theorem 6.6 The composition 

i : H\X,C*)M H\X,C*y X K-^LXid^ H^'°{X) x Pic(X)^' x M 

H''\X) X Pic(X)^ 
is a bijective extension of the map Ii, and preserves the g-degree. 

We finish with the obvious remark that the map : H^{X, C*) — > Pic(X)^ in 
general does not coincide with the composition of / and projection onto Pic(X)^. 
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